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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
The paper deals with a review of theoretical and numerical aspects of the two-parameter J-A approach in elastic-plastic fracture 
mechanics. This approach is based on the three-term asymptotic expansion for the stress field near the tip of mode I crack in an 
elastic-plastic solid. The parameter A is introduced in fracture criterion as a constraint parameter. The unified JC-A master curve 
is const u ed for different geometry and thickness of specimens. Constraint parameter A and J value for various configurations 
of specimens and the hardening exponent is computed by means of three-dimensional elastic-plastic stress analyses employing 
finite element method. 
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1. Introduction 
Analytical and numerical analysis of stress fields in the vicinity of the crack tip shows that, in many cases, these 
fields are strongly dependent on constraint  There are two basic source of the crack-tip constraint. A change in in-
plan  constraint is associated with cra k size, geo etry f specimen, type of loading and notch. In contrast to in-
plane constraint, out-of-plane constraint is due to thickness. A change of crack-tip constraint parameters leads to 
considerable influence on the fracture toughness (e.g., Sorem et al. (1991), Liu and Chao (2003), Meliani et al. 
(2011), Wang et al. (2008), Pluvinage et al. (2014), Henry and Luxmoore (1997)). For example, a standard 
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1. Introduction 
Analytical and numerical analysis of stress fields in the vicinity of the crack tip shows that, in many cases, these 
fields re strongly dep ndent on constraint. There are two basic source of the crack-tip cons raint. A change in in-
plane constrai t is associated with crack size, geom try f spe imen, type of lo ding and notch. In contrast to
, out-of-plane c nstraint i  due t  thickness. A cha ge of crack-tip constraint parameters leads to 
considerable fluence on the fracture oughn ss (e.g., Sorem et l. (1991), Liu and Chao (2003), M liani et al.
(2011), Wang et al. (2008), Pluvinage et al. (2014) Henry and Luxmoore (1997)). F r example, a standard
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specimen, such as compact tension specimen, is usually of high crack-tip constraint, while most of non-standard 
specimens or real cracked engineering components have low crack-tip constraint. As a result, over-conservative 
assessment may arise from the application of high-constraint fracture toughness values to assess low-constraint 
component defects. Therefore, the constraint effects on the fracture toughness must be corrected so that the fracture 
toughness determined in laboratory can be applied to real cracked components. 
 
Nomenclature 
 a crack length 
 A constraint parameter 
E Young’s modulus 
Fc conservativity factor 
 J J-integral 
 KJ elastic-plastic stress intensity factor 
 n strain hardening exponent 
 PL limit load 
W specimen width 
 α  hardening coefficient 
 ρ dimensionless radius 
   Poisson’s ratio 
ij  stress components 
0  yield stress 
 
There are two possible options to take into account the constraint effect in constraint-corrected fracture 
mechanics. First option is to test constraint-corrected fracture mechanics specimens as in Chiesa et al. (2001). 
Second option is to work out a simple model and procedure to transfer the fracture toughness of standard specimens 
to the fracture toughness of real cracked components, i.e. the constraint-dependent fracture toughness. In this case, 
some crack-tip constraint parameters should be introduced into consideration to reflect the constraint effect on the 
fracture toughness. 
To describe the simultaneous effect of in-plane and out-of-plane constraint in two-parameter fracture mechanics, 
the following most widely used constraint parameters can be employed under small scale yielding and large scale 
yielding conditions, namely, Tz-parameter [Guo (1999)], local triaxiality parameter [Henry and Luxmoore (1997)], 
constraint parameter Q [O'Dowd and Shih (1991)], the second fracture parameter A for finite cracked bodies using a 
three-term elastic-plastic asymptotic expansion [Yang et al. (1993), Nikishkov (1995)].  
This paper concentrates on a review of theoretical and numerical aspects of the J-A approach in elastic-plastic 
two-parameter fracture mechanics including fracture criterion and three-dimensional elastic-plastic stress field 
analysis by finite element method.  
2. The J-A asymptotic for the elastic-plastic crack-tip stress field 
We consider two-dimensional elastic-plastic mode I crack under plane strain conditions. The material of the 
cracked body deforms according to Ramberg–Osgood power-law strain hardening curve 
0 0 0
n    
     
    (1) 
where 0  is the yield stress,   is the hardening coefficient, n is the hardening exponent (n > 1), 0 0 / E  is the yield strain and E is Young's modulus. 
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Second option is to work out a simple model and procedure to transfer the fracture toughness of standard specimens 
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Hutchinson (1968) and Rice and Rosengren (1968) solved an asymptotic problem for elastic-plastic crack and 
showed that within the context of small strains the stresses near the crack tip are singular  
1
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     (2) 
Here, r is a distance from the crack tip, In is a scaling integral introduced by Hutchinson (1968), (0) ( )ij   are dimensionless angular stress functions determined from numerical solution of system of differential equations and J 
is the energy integral proposed by Cherepanov (1967) and Rice (1968) 
1
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where W is the density of work of stresses on mechanical strains, ij  are stresses, iu  are displacements, and jn  are components of external normal to the small contour  . The HRR field (2) does not describe correctly stresses in the region 01 / 5r J   that is significant for fracture process. Better description of the stress field in this region can be achieved with the three-term asymptotic expansion 
proposed by Yang et al. (1993) and further developed by Nikishkov et al. (1995) 
2
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0
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Here, A is the second fracture parameter that is usually called constraint parameter, ij are stress components r , 
  and r  in the polar coordinate system r  with origin at the crack tip, ( )kij  are dimensionless angular stress functions obtained from the solution of asymptotic problems of order (0), (1) and (2). Angular stress functions (0)ij  and (1)ij  are scaled so as maximal equivalent Mises stress is equal to unity: (0) (1)max max 1e e     . Amplitudes of stress functions for the problem (2) depend on the solutions of the problems (0) and (1). Power s has closed form 
expression 1/ ( 1)s n   . Power t is a numerically computed eigenvalue that depends on hardening exponent n. 
Coefficient A0 is specified as 0 0( ) snA I . Dimensionless radius   is defined by formula 
0/
r
J
      (5) 
Comparing equations (2) and (4) it is easy to see that the first term of the asymptotic expansion (4) is exactly the 
HRR field (2). The three terms of expansion (4) are controlled by two parameters: the J-integral and the constraint 
parameter A. Finite element solutions of elastic-plastic crack problems show that the J-A field is much closer to 
numerical results than the HRR field. 
3. Numerical estimation of the J-integral and parameter A 
Value of the J-integral can be determined by direct contour integration of expression (3). However, integration for 
small contour may be the course of excessive errors. The equivalent domain integral method (EDI) [Li et al. (1985), 
Nikishkov and Atluri (1987)] is the most used procedure for computing the J-integral magnitude. Contour 
integration is replaced by area (domain) integration which is more suitable for the ﬁnite element method and 
provides better accuracy 
4 Author name / Structural Integrity Procedia  00 (2016) 000–000 
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Integration area A−Aε is between contour Γε and another contour Γ which is farther from the crack tip. A smooth 
function q has unit value at contour Γε and zero value at outer contour Γ. Area integration in three-dimensional case 
is replaced by volume integration inside a cylinder around the crack front segment. 
Determination of the constraint parameter A is done using stresses calculated by the finite element method in the 
vicinity of the crack tip. If stresses are known at points ( ),i i   then the value of the parameter A at ith point is found from the following quadratic equation 
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   (7) 
where FEM  is any stress from the finite element analysis. Solution of equation (7) produces different A values at 
different points due to deviation of actual stress field from the three term asymptotic expansion. 
Better estimate of A for the set of points is obtained by minimizing sum of squares of deviations of J-A 
asymptotic field from the finite element results. Application of the least squares method leads to a cubic equation for 
the parameter A 
 
3 2
3 2 1 0
2 2
3 2 1 0
0
2 3 ,, , 2i i i i i i i i
d A d A d A d
d a d a b d a c b d b c
   
           (8) 
Usually values of the stress   at finite element integration points inside region 1 4  , 0 45    are used for estimation of the parameter A. 
4. Effect of specimen geometry on the parameter A 
Finite element solutions of elastic-plastic cracked problems show that the value of the constraint parameter A for 
infinitely small loads depends on the material properties but does not depend on specimen type and crack length. 
Such value of A is called small scale yielding value ASSY and is determined by the boundary layer method which is a 
solution of elastic-plastic plane strain crack problem with boundary conditions as stresses or displacements from 
elastic asymptotic distributions near the crack tip. Strain hardening exponent n significantly affects value of 
parameter Assy.as shown in Fig. 1. We will use small scale yielding value ASSY for normalization of the constraint 
parameter A. 
 
Fig. 1. Effect of strain hardening exponent n on the parameter Assy for material with α = 1. 
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where FEM  is any stress from the finite element analysis. Solution of equation (7) produces different A values at 
different points due to deviation of actual stress field from the three term asymptotic expansion. 
Better estimate of A for the set of points is obtained by minimizing sum of squares of deviations of J-A 
asymptotic field from the finite element results. Application of the least squares method leads to a cubic equation for 
the parameter A 
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Usually values of the stress   at finite element integration points inside region 1 4  , 0 45    are used for estimation of the parameter A. 
4. Effect of specimen geometry on the parameter A 
Finite element solutions of elastic-plastic cracked problems show that the value of the constraint parameter A for 
infinitely small loads depends on the material properties but does not depend on specimen type and crack length. 
Such value of A is called small scale yielding value ASSY and is determined by the boundary layer method which is a 
solution of elastic-plastic plane strain crack problem with boundary conditions as stresses or displacements from 
elastic asymptotic distributions near the crack tip. Strain hardening exponent n significantly affects value of 
parameter Assy.as shown in Fig. 1. We will use small scale yielding value ASSY for normalization of the constraint 
parameter A. 
 
Fig. 1. Effect of strain hardening exponent n on the parameter Assy for material with α = 1. 
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Fig. 2. Elastic-plastic stress intensity factor KJ and constraint parameter A as functions of applied load P for 3PB specimens with different relative 
crack length a/W. 
For demonstration of dependencies of the J-integral and constraint parameter A on load and geometry the three-
point bend specimen (3PB) with different crack length to specimen width a/W is selected. Tests of the 3PB specimen 
with shallow cracks produce fracture toughness values that substantially depend on fracture load. Such effect and 
corresponding geometry is called low constraint. The 3PB specimen with deep cracks is known for its high 
constraint behavior and is widely used for fracture toughness testing. Figure 2 shows elastic-plastic stress intensity 
factor KJ and constraint parameter A as functions of applied load P for 3PB specimens with relative crack length a/W 
from 0.1 to 0.5. Problem solutions were done with the finite element method using quadratic finite elements. Elastic-
plastic stress intensity factor is normalized as 20/ ( (1 ))JK JE W   . Limit load PL [Anderson (2005)] is used for normalization of applied load P. It is evident that J-integral curves are similar for different cracks. However, 
constraint curves for cracks a/W = 0.1 and 0.5 are quite different. While the constraint parameter A sharply increases 
with load for the crack a/W = 0.1, it is more or less constant up to load P/PL =1 for the crack a/W = 0.5. 
Investigation of thickness variation on the constraint parameter A in different test specimens is done by Nikishkov 
and Matvienko (2016). 
5. Two-parameter J-A fracture criterion 
The two-parameter fracture criterion implies comparison of computed J-integral for a cracked structure and the 
experimental fracture toughness JC corresponding to computed value of constraint parameter A 
( ) | ( )A CJ P J A     (9) 
Elastic-plastic structural integrity analysis is illustrated in Fig. 3. First, the J-integral value is computed for a 
structure under load P using the equivalent domain integral method or other approach. Then the constraint parameter 
A is estimated by ﬁtting (8) using the ﬁnite element stress data and the J value. Computed J-integral is compared to 
the experimental fracture toughness that is determined using a test specimen with same value of A. 
Fracture criterion (9) can be treated as comparison of energy flows necessary for crack advancement in a 
structural component and in a test specimen. Since combination of parameters J and A describes stresses in the near 
crack tip region the fracture criterion (9) is also equivalent to assumption that the fracture in a structure and in 
experimental specimen occurs at the same stress ﬁeld in the near-crack tip region. 
Determination of the dependency JC(A) can be accomplished by testing cracked specimens with different 
constraint at fracture load. Change of the constraint conditions is achieved by varying crack length in the 3PB 
specimen. To avoid numerous experiments it is desirable to develop computational approaches for predicting 
fracture toughness as a function of the constraint parameter A.  
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Fig. 3. Elastic-plastic structural integrity analysis using two-parameter J-A fracture criterion. 
Chao et al. (1994) used a local fracture criterion based on a critical stress at a characteristic distance from the 
crack tip [Ritchie et al. (1973)] for the prediction of the JC dependence with stress distribution described by the 
three-term elastic-plastic asymptotic expansion. Two experimental data points are required for the determination of 
the critical stress and the critical distance. The JC appears proportional to a function of the constraint parameter to 
the power (n + 1) where n is the material hardening exponent. 
Beremin (1983) and Mudry (1987) proposed to employ the two-parameter Weibull distribution for investigation 
of cleavage fracture. Probability Pf of cleavage fracture can be estimated by integration over plastic zone 
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where Vp is the plastic zone volume, V0 is an arbitrary unit volume, σ1 is the maximal principal stress at a point, m 
and σu are the Weibull shape and scale parameters, σ0 is the yield stress. 
An assumption that fracture under different constraint conditions corresponds to constant fracture probability Pf 
[Nikishkov (2016)] allows estimating change of fracture toughness JC with variation of the constraint parameter A 
1/2
1
0
( )(( ) ( ) ,( ) ) p
C
IC SS
m
V
Y
AF A
J A
dF A
J F A
V
       

    (11) 
Here, JIC denotes the fracture toughness for small scale yielding conditions J(ASSY). Figure 4 shows dependency of 
fracture toughness JC on the constraint parameter A for the material with n = 5, m = 15 and comparison of predicted 
JC with experimental data of Sumpter (1993) for 3PB specimen with different crack lengths. 
 
 
Fig. 4. Fracture toughness JC as a function of the constraint parameter A and comparison of predicted JC with experimental data for the three point 
bend specimen with different crack lengths. 
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Fig. 5. Conservativity factor of elastic prediction for the three point bend specimen. 
6. Conservativity of elastic approach in elastic-plastic fracture mechanics 
The two-parameter J-A fracture criterion allows estimating whether elastic approach is conservative (safe to use) 
or non-conservative when used for the integrity analysis of elastic-plastic cracked structures. The elastic-plastic 
fracture criterion (9) can be rewritten in the form 
( ) 1CJ A
J
    (12) 
After multiplication of both sides of the equality (12) by Je/JIC, where Je is the J-integral value obtained from elastic 
solution of fracture mechanics problem, the elastic-plastic fracture criterion has the following appearance 
( ), e Ce c IC c
IC
J J A
J F J F
J J
     (13) 
Here, Fc is introduced that we call the conservativity factor. Equation (13) exactly coincides with elastic fracture 
criterion when the conservativity factor Fc = 1. If conservativity factor is larger than unity Fc > 1, then elastic J-
integral Je is larger than fracture toughness JIC. This means that the elastic fracture criterion is satisfied for lower 
load in comparison with the elastic-plastic fracture criterion and, consequently, elastic prediction is conservative. 
Thus, an elastic approach applied to elastic-plastic crack problems is conservative when Fc > 1 and non-conservative 
when Fc < 1. 
The conservativity factor Fc depends on its two multipliers. The first multiplier Je/J is always less than unity; and 
the second multiplier Jc(A)/ JIC is always larger than unity. Resulting value of Fc is determined by the competing 
tendencies in the two multipliers. 
Dependencies of the conservativity factor Fc on fracture load for the 3PB specimen with different crack length are 
presented in Fig. 5. Experimental data of Sumpter and Forbes (1992) and Sumpter (1993) was used for 
approximating the function Jc(A).  
7. Conclusion 
Theoretical and numerical aspects of basic parameters J and A including in the three-term asymptotic expansion 
of the crack-tip stress field are discussed. The effect of specimen geometry and type of loading on the J-integral and 
the constraint parameter A is demonstrated. The two-parameter elastic-plastic fracture criterion JC-A is described for 
8 Author name / Structural Integrity Procedia  00 (2016) 000–000 
structural integrity assessment. Conservativity of elastic approach in elastic-plastic fracture mechanics from a 
viewpoint of the two-parameter J-A fracture criterion has been analysed. 
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